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Introduction

Let X : r0, T s Ñ Rd be a continuous bounded variation path. We define
the k-th signature tensor by

σpkqpXq :“
ż

0ăt1ă¨¨¨ătkăT
X 1pt1q b ¨ ¨ ¨ b X 1ptkq dt1 ¨ ¨ ¨ dtk P pRdqbk

Example

σp1qpXq “

ż T

0
X 1pt1qdt1 “ XpT q ´ Xp0q P Rd

σp2qpXq “

ż

0ăt1ăt2ăT
X 1pt1q b X 1pt2q dt1dt2

“

ż T

0

ż t2

0
X 1pt1qdt1 b X 1pt2qdt2

“

ż T

0
pXpt2q ´ Xp0qq b X 1pt2qdt2 P Rdˆd
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Introduction

Example

Sym σp2qpXq

“
1
2

ż T

0
pXpt2q ´ Xp0qq b X 1pt2q ` X 1pt2q b pXpt2q ´ Xp0qqdt2

“
1
2

pXpT q ´ Xp0qq b pXpT q ´ Xp0qq

Skew σp2qpXq

“
1
2

ż T

0
pXpt2q ´ Xp0qq b X 1pt2q ´ X 1pt2q b pXpt2q ´ Xp0qqdt2

“ ???
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Introduction

Xp0q

Xpt1q

Xpt2q

XpT q
`

´

SignedAreapX1, X2qt “ 1
2

´

ż t

0
pX1psq´X1p0qqX 1

2psq´X 1
1psqpX2psq´X2p0qqds

¯

.

Picture from Diehl-Lyons-Preiß-Reizenstein, Areas of areas generate the
shuffle algebra
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Introduction

k ě 3

σpkqpXq “ Sym σpkqpXq ` Skew σpkqpXq ` more

Sym σpkqpXq “
1
k!

pXpT q ´ Xp0qqbk

Skew σpkqpXq “: SignedVolumepkqpXq
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Introduction

Why the fuzz?

We define the iterated-integrals signature

σpXq :“ p1, σp1qpXq, σp2qpXq, σp3qpXq, . . . q.

Theorem (Chen)
If X is arclength-smooth, then σpXq uniquely characterizes X up to
reparametrization and starting point among all arclenth-smooth paths.

What if X is not smooth?
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Introduction

Tree-like equivalence (aka thin homotopy equivalence)

EH. ¥:É¥g.
✗ 27117 ¥¥§✗Zdt)
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We write X̌ for the reduced path of X.
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Introduction

We now consider the signature σpXq of a path X : r0, T s Ñ Rd as an
element of T ppRdqq, the dual space of the tensor algebra T pRdq, i.e.

xσpXq, i1 ¨ ¨ ¨ iny “

ż

0ăt1ă¨¨¨ătnăT
X 1

i1pt1q ¨ ¨ ¨ X 1
in

ptnq dt1 ¨ ¨ ¨ dtn.

Theorem (Chen’s identity)

σpX \ Y q “ σpXq ‚ σpY q.

Here, ‚ is the internal tensor product of T ppRdqq, and \ is concatenation
of paths.
Interpretation: σ is a semigroup homomorphism.
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Introduction

Many connections...

Algebraic Statistics ù Améndola, Friz, Sturmfels, Varieties of Signature
Tensors

Machine Learning ù Chevyrev, Kormilitzin, A Primer on the Signature
Method in Machine Learning

Toric geometry ù Colmenarejo, Galuppi, Michałek, Toric geometry of
path signature varieties

Tropical geometry ù Diehl, Ebrahimi-Fard, Tapia, Tropical time series,
iterated-sums signatures and quasisymmetric functions

Quantum physics ù Brown, Iterated integrals in quantum field theory
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Introduction

Previous work by algebraic geometers:
Améndola-Friz-Sturmfels et al: Study the complex projective Zariski
closure of the finite dimensional semialgebraic set that is σpkqpXℓq,

where Xℓ is piecewise linear paths/polynomial paths/log-linear rough paths
of order ℓ.

Our new approach:
Introduce a Zariski topology and algebraic geometry on the infinite
dimensional path space itself.
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Path Zariski topology and the shuffle product

In classical algebraic geometry, affine varieties in Rd are sets of the form

V pP q “ tx P Rd|ppxq “ 0 @p P P u

where P is a set of polynomials p : Rd Ñ R.
Similarly, we now consider varieties in the space BVpRdq of continuous
paths in Rd with bounded variation.
We call a path variety any subset of the form

VpW q :“ tX P BVpRdq|xσpXq, xy “ 0 @x P W u, W Ď T pRdq

They form the closed sets of the path Zariski topology.
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Path Zariski topology and the shuffle product

We turn T pRdq into a free commutative associative algebra by introducing
the shuffle product �.
Let

Shpi, nq :“ tτ P Sn| τp1q ă . . . ă τpiq, τpi ` 1q ă . . . ă τpnqu

and
i1 . . . in � in`1 . . . im :“

ÿ

τPShpn,mq

iτ´1p1q . . . iτ´1pmq.

Example
1� 2 “ 12 ` 21, 1� 1� 1 “ 6 ¨ 111, 12� 1 “ 121 ` 2 ¨ 112
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Path Zariski topology and the shuffle product

Example

xσpXq, 1� 2y “ xσpXq, 12 ` 21y

“

ż

0ăt1ăt2ăT
X 1

1pt1qX 1
2pt2q ` X 1

2pt1qX 1
1pt2q dt1dt2

“

ż T

0
pX1pt2q ´ X1p0qqX 1

2pt2q ` pX2pt2q ´ X2p0qX 1
1pt2qdt2

“ pX1pT q ´ X1p0qqpX2pT q ´ X2p0qq

“ xσpXq, 1y xσpXq, 2y

Theorem (Ree’s shuffle identity)
xσpXq, x� yy “ xσpXq, xyxσpXq, yy
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Path Zariski topology and the shuffle product

We call a path variety any subset of the form

VpW q :“ tX P BVpRdq|xσpXq, xy “ 0 @x P W u, W Ď T pRdq

They form the closed sets of the path Zariski topology.

Path varieties are in 1-to-1 correspondance to the BV ’radical’ shuffle
ideals

IpUq :“ tx P T pRdq|xσpXq, xy “ 0 @X P Uu, U Ď BVpRdq.

V ˝ I is the closure operator, and I ˝ V is the BV radical operator.
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Containing history and stability under concatenation

Our full algebraic and combinatorial structure is

pT pRdq,�, ∆‚, A, ą, ăq.

Let the right ą and left ă halfshuffles be recursively defined by

w ą i :“ wi, i ă w :“ iw

w ą vi :“ pw ą v ` v ą wqi, iv ă w :“ ipw ă v ` v ă wq

Then
x� y “ x ą y ` y ą x “ x ă y ` y ă x

and
Apx ą yq “ Ay ă Ax, Apx ă yq “ Ay ą Ax.

Let
@

W
D

ą
denote the two-sided ą-ideal generated by W .
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Containing history and stability under concatenation

Example

xσpXq, w ą 1y “ xσpXq, w1y

“

ż

0ăt1ă¨¨¨ătnătăT
X 1

i1pt1q . . . X 1
in

ptnqX1ptq dt1 . . . dtndt

“

ż T

0

ż

0ăt1ă¨¨¨ătnăt
X 1

i1pt1q . . . X 1
in

ptnq dt1 . . . dtnX1ptqdt

“

ż T

0
xσpXqt, wyxσpXq1

t, 1y dt

In general,

xσpXq, x ą yy “

ż T

0
xσpXqt, xyxσpXq1

t, yy dt

So ą is an abstraction of pf, gq ÞÑ
ş ¨

0 fptqg1ptqdt

Rosa Preiß rosapreiss.net Algebraic geometry of paths 2311.17886 Nonlinear Algebra, March 20 16 / 23



Containing history and stability under concatenation

Example

xσpXq, w ą 1y “ xσpXq, w1y

“

ż

0ăt1ă¨¨¨ătnătăT
X 1

i1pt1q . . . X 1
in

ptnqX1ptq dt1 . . . dtndt

“

ż T

0

ż

0ăt1ă¨¨¨ătnăt
X 1

i1pt1q . . . X 1
in

ptnq dt1 . . . dtnX1ptqdt

“

ż T

0
xσpXqt, wyxσpXq1

t, 1y dt

In general,

xσpXq, x ą yy “

ż T

0
xσpXqt, xyxσpXq1

t, yy dt

So ą is an abstraction of pf, gq ÞÑ
ş ¨

0 fptqg1ptqdt

Rosa Preiß rosapreiss.net Algebraic geometry of paths 2311.17886 Nonlinear Algebra, March 20 16 / 23



Containing history and stability under concatenation

Example

xσpXq, w ą 1y “ xσpXq, w1y

“

ż

0ăt1ă¨¨¨ătnătăT
X 1

i1pt1q . . . X 1
in

ptnqX1ptq dt1 . . . dtndt

“

ż T

0

ż

0ăt1ă¨¨¨ătnăt
X 1

i1pt1q . . . X 1
in

ptnq dt1 . . . dtnX1ptqdt

“

ż T

0
xσpXqt, wyxσpXq1

t, 1y dt

In general,

xσpXq, x ą yy “

ż T

0
xσpXqt, xyxσpXq1

t, yy dt

So ą is an abstraction of pf, gq ÞÑ
ş ¨

0 fptqg1ptqdt

Rosa Preiß rosapreiss.net Algebraic geometry of paths 2311.17886 Nonlinear Algebra, March 20 16 / 23



Containing history and stability under concatenation

Theorem (Preiß)

Whenever a set of paths U contains history, i.e. all left subpaths of
reduced paths, IpUq is a ą-ideal.
Whenever I is a ą-ideal, VpIq contains history.

Corollary

Let p : Rn Ñ Rm be a polynomial map with pp0q “ 0. Then Vp
@

p�i
D

ą
q is

the variety of all paths X such that X̌ ´ X0 lies in the point variety M
defined by the vanishing of all pi.

Example
The variety of all paths starting in p0, 0q and staying on the unit circle
centered in p1, 0q is described by the halfshuffle ideal

@

11 ´ 1 ` 22
D

ą
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Containing history and stability under concatenation

Example
While any path pX1, X2, X3q which is tree-like equivalent to p0, 0, X3q

and pX1, 0, 0q is tree-like, there are non-tree-like paths pX1, X2, X3q such
that pX1, X2q, pX1, X3q and pX2, X3q are all tree-like.
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Containing history and stability under concatenation

Theorem (Preiß)
If M Ď BVpRdq is a set of paths closed under concatenation, then the
variety M̄ is closed under concatenation, time reversal and taking
admissible roots, and IpMq is a Hopf ideal.

Corollary
The set of lattice paths L is Zariski dense in BVpRdq.
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Outlook

V contains history
ñ IpV q is a halfshuffle ideal
ñ RrV s :“ T pRdq{IpV q is a halfshuffle algebra

V is stable under concatenation
ñ IpV q is a Hopf ideal
ñ RrV s :“ T pRdq{IpV q is a Hopf algebra

Note: To understand the geometrical structure of V , we need the algebraic
structure of RrV s plus the BV radical operator on the power set of RrV s.
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Outlook

We can do polynomial ODEs!
f 1 “ f ` 1, fp0q “ 0 ù fptq “

şt
0 fptq ` 1dt ù

@

1 ´ 10 ´ 0
D

ą

with solution space tr0, T s Ñ R|t ÞÑ pt, expptq ´ 1qu

f2 “ ´f ´ 1, fp0q “ 0, f 1p0q “ 0 ù fptq “
şt
0

şs
0p´fptq ´ 1qdsdt

ù
@

1 ` 100 ` 00
D

ą

with solution space tr0, T s Ñ R|t ÞÑ pt, cosptq ´ 1qu

f 1 “ f2 ` 1, fp0q “ 0 ù fptq “
şt
0 f2ptq ` 1dt ù

@

1 ´ 2 ¨ 110 ´ 0
D

ą

with solution space tr0, T s Ñ R|t ÞÑ pt, tanptqqu (explosion!)

f 1 “
?

f, fp0q “ 0 ù fptq “
şt
0 gptqdt, f “ g2 ù

@

1´20, 1´2¨22
D

ą

with solution space tr0, T s Ñ R|t ÞÑ pt, 1těc ¨ t2

4 , 1těc ¨ t
2qu

(non-uniqueness!)
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Outlook

More to come...

ä abstract path varieties

ä morphisms between affine/abstract path varieties

ä complex and projective path varieties

ä rough paths on point varieties

ä generalized point varieties

ä semi-algebraic path sets

ä study of singularities

ä algebraic path groupoids
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Outlook

Thank you

Check out my website: rosapreiss.net

And the paper:
An algebraic geometry of paths via the iterated-integrals signature
arXiv:2311.17886[math.RA]
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